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We give a heuristic classification of all universality classes of critical models with up to three
field-theoretical scalar order parameters in 6−ǫ dimensions. Each class is uniquely characterized by
its symmetry group and by the set of its universal scaling properties, neither of which are built-in
by the formalism but instead emerge nontrivially as outputs of our computations. In particular for
three fields we find, apart for a perturbatively unitary solution with O(2) symmetry already known
in the literature, five novel non-trivial universality classes with discrete symmetries and with real
bounded spectra, among which there is another perturbatively unitary model. We expect them to
correspond to new nontrivial CFTs in less than six dimensions.
I. INTRODUCTION
Quantum and Statistical Field Theories constitute a
powerful framework which is capable of describing a va-
riety of physical systems, their phase transitions, and
different universal behavior, especially as they approach
criticality. Critical points may be characterized by their
order parameters and possible symmetries that govern
their dynamics. Field theory allows to investigate the ef-
fective behavior of different condensed matter systems at
large distances, but are also important in the quest for
understanding which quantum theories and which sym-
metries can be considered consistent and fundamental at
short distances, a question still open in particle physics.
Having a global picture of theory space and the criti-
cal points of a QFT is therefore of considerable interest.
This is however a challenging task especially when mul-
tiple (scalar) degrees of freedom are involved. In almost
all investigations present in the literature large global
symmetries in multi-field theories are assumed from the
start, since this greatly constrains the number of possi-
ble interactions and therefore of possible critical theories.
Modern renormalization group (RG) [1, 2] is the main
paradigm to carry on such investigations, under which a
critical theory is seen as a scale invariant fixed point of
the RG flow. In particular the perturbative ǫ-expansion
below the upper critical dimension, at which the the-
ory is trivial, has proven very effective. Given that often
scale symmetry is lifted to conformal symmetry also CFT
methods can be successfully employed [3–9].
In this work we use the RG ǫ-expansion [10], combined
with functional methods [11, 12] to study general sys-
tems characterized by N real scalar order parameters,
corresponding to multi-scalar QFTs with no symmetry
imposed a priori. The goal is to investigate which theo-
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ries and symmetries are allowed at criticality, giving ac-
cess to the set of all possible universality classes one may
encounter in physical systems.
In the past RG investigations of theories with quartic
interactions in d = 4−ǫ the trace condition [10, 13] for the
critical potential was assumed. This leads to full degen-
eracy of the field anomalous dimensions and constrains to
one the number of control parameters, therefore reducing
the possible number of critical theories [10, 14–17] (see
also [18]). A general study without any assumption has
yet to come, even though a systematic search for all pos-
sible theories with two fields has been done in [19]. Here
we concentrate on systems with cubic interactions which
have upper critical dimension dc = 6 and generalize the
single scalar field case that exhibits only a PT symmet-
ric QFT associated to the Lee-Yang universality class
is found [20]. Multi-field theories with O(N) symmetry
have been studied in [21] showing the appearance of a
unitary critical theory at perturbative level. We say that
a theory is perturbatively unitary if all operator scaling
dimensions are within the unitary bound [21].
Here we take the next step and perform a complete per-
turbative analysis of cubic theories with up to N = 3 real
scalar fields at leading and next-to-leading order. The
results reveal a large unexplored region of theory space
including a number of critical theories which potentially
correspond to new universality classes.
II. BETA FUNCTIONS
We work with a functional perturbative formalism [11,
12, 19, 22], which more conveniently encodes at once in-
formation about the critical theory and its deformations
induced by relevant operators. At one-loop level (see the
Supplementary Material for the next to leading order)
the functional beta for the dimensionless potential v(φ)
in d = 6− ǫ is
βv = −dv + d− 2
2
φivi + φiγijvj − 2
3
vijvjkvki , (1)
2in which Latin indices such as i on v run over the number
of flavours (i = 1, . . . , N) and denote derivatives w.r.t.
the corresponding field component φi. In our conventions
we have also rescaled the potential as v → 2(4π)3/2v.
We will restrict ourselves here to scalar theories with at
most three flavours (N = 3). No symmetry is imposed
on the model and we therefore consider the most general
parameterization of the cubic interactions given in terms
of the dimensionless potential
v(φ) = 13!λijk φiφiφk . (2)
In terms of the classically marginal couplings λijk the
leading order (LO) one-loop anomalous dimension matrix
is given by
γij =
1
3
λiabλjab . (3)
Its eigenvalues evaluated at the fixed point are denoted
by γi. Taking into account the contribution from the
anomalous dimensions, the couplings λijk flow according
to the following beta functions
βijk = −1
2
ǫ λijk + λabcλab(iλjk)c − 4λiabλjbcλkca , (4)
where the round parenthesis denote a symmetrization of
the enclosed indices. This is a gradient flow in the sense
that βijkδλijk = δA where the function A is given by
A = −ǫλijkλijk + 1
4
λbmnλimnλbjkλijk −λabiλbcjλcakλijk
(5)
and at the fixed point has the value
A∗
LO
= − ǫ
8
λ∗ijkλ∗ijk
LO
= −3
8
ǫ
∑
i
γi. (6)
Another quantity of interest is the coefficient of the
energy-momentum tensor two point function CT , which
can be related to A at two-loop for any fixed point
CT
CT,scalar
= 3− 7
18
λ∗ijkλ∗ijk
LO
= 3 +
28
9ǫ
A∗ , (7)
where CT,scalar refers to the single free scalar theory’s
coefficient. These functions may be calculated pertur-
batively at higher orders as well [19, 23, 24], and every
statement made in this section can be generalized be-
yond LO to the three-loop level. Our goal is to find all
the zeroes of the above set of beta functions. This task
is significantly facilitated by choosing a more convenient
basis of couplings. The next section is devoted to ex-
plaining this parameterization.
III. CHOICE OF COUPLINGS
We now provide the explanation of the general method
that we adopt to explore the theory space and to look for
fixed points of the beta functions. For general number of
fields a full understanding of the theory space and fixed
points is a highly nontrivial task. Since a complete anal-
ysis of the single and double field models already exists,
we concentrate here on three-flavour model, that is the
lowest number of flavours which has not yet been fully
explored. The kinetic term in this case is invariant under
general three dimensional rotations U ∈ O(3), UTU = 1,
which are the maximal symmetry that the system can
posses [19]. The group induces a transformation on the
potential v(φ)→ v′(φ) = v(U · φ) and hence on the cou-
plings themselves λijk → UiaUjbUkcλabc. Notice that
O(3) is not necessarily a symmetry of any fixed points
and therefore v 6= v′ in general.
For three flavours there are 10 independent couplings
in terms of which the potential (2) may be expressed
more explicitly as
v =
1
6
(
λ1φ
3
1 + 3λ2φ
2
1φ2 + 3λ3φ
2
1φ3 + 3λ4φ1φ
2
2 + 3λ7φ1φ
2
3
+ 6λ5φ1φ2φ3 + λ6φ
3
2 + λ10φ
3
3 + 3λ9φ2φ
2
3 + 3λ8φ
2
2φ3
)
Rather than analysing the zeroes of the betas of λI , I =
1, 2 · · ·10, we find it more convenient to move to a basis
where this 10-dimensional representation is manifestly
split into its irreducible components 10 = 7 ⊕ 3. The
resulting couplings, denoted by gI , I = 1, 2 · · · 10 are re-
lated to the original λI couplings through the following
linear combinations
r7 =


5(λ10 − 3λ8)
5(3λ9 − λ6)
−20λ5
10(λ7 − λ4)
4λ3 − λ8 − λ10
4λ2 − λ6 − λ9
2
√
2(2λ1 − 3(λ4 + λ7))


≡


g1
g2
g3
g4
g5
g6
g7


, (8)
r3 =

 λ3 + λ8 + λ10λ2 + λ6 + λ9√
2(λ1 + λ4 + λ7)

 ≡

 g8g9
g10

 , (9)
where r7 and r3 carry respectively the 7-dimensional and
the 3-dimensional irreducible representations. This can
also be seen through the alternative decomposition where
the tensor λijk is to split into a vector κi and a symmetric
traceless tensor σijk as follows
λijk = κ(iδjk) + σijk, σill = 0 , (10)
where the irreps are expressed in terms of λijk as
κi =
3
N + 2
λill, σijk = λijk − 3
N + 2
λll(iδjk) , (11)
given here for general number of flavors N . For the three
flavour case one can make the identifications κi ↔ r3 and
σijk ↔ r7.
3The gI couplings in (8) and (9) could be further cho-
sen such that the components of the irreps have defi-
nite values among m = 0,±1,±2,±3 under J3, the third
component of angular momentum which leaves φ3 un-
touched. However we have found more convenient to
choose a slightly different basis where couplings with
the same |m| 6= 0 value are linearly combined, in such
a way that the resulting pair of couplings transform with
R(|m|θ) under a rotation with angle θ around the third
axis, where R(θ) is a simple 2 × 2 matrix that rotates a
vector clockwise by an angle θ. More explicitly, under
exp(−iθJ3) the couplings g1 and g8 which have m = 0
remain unaltered, while the pairs (g2, g3) and (g9, g10)
transform with R(θ), and the pairs (g4, g5) and (g6, g7)
transform respectively with R(2θ) and R(3θ).
Having described our choice of coupling basis, the next
observation that proves useful in our analysis is that there
is a redundancy in the space of fixed points, that is any
rotation of a fixed point is itself a fixed point. This is be-
cause the betas of the rotated couplings are the rotated
betas of the original couplings, i.e. β(Ug) = Uβ(g), where
U is implicitly assumed to be in the appropriate represen-
tation. This further shows that O(3) related fixed points
are physically equivalent. This equivalence of fixed points
under rotation gives us a freedom to constrain the space
within which we are seeking for fixed points by setting
some of the couplings to zero. Consider for instance r3
which carries the fundamental representation ofO(3). By
a suitable rotation one can always align the vector along,
say, the 8-direction, that is to set g9 = g10 = 0. This
breaks the O(3) freedom to the O(2) subgroup generated
by J3. We may then use this remaining freedom to set
further constraints on the set of couplings included in r7.
For instance we may set g2 = 0 by a rotation around
the φ3 axis. This will completely fix the redundancy and
simplify the beta functions.
In order to look for fixed points we completely remove
the redundancy first, that is we set g2 = g9 = g10 =
0. This will prevent finding multiple zeros of the beta
functions that are equivalent. However, there will still be
ten coupled betas that are functions of seven couplings
and therefore difficult to solve. We have observed that
omitting the three betas β2, β9 and β10 of the redundant
couplings, the zeroes of the remaining betas can always
be found numerically and sometimes even analytically.
Of course these roots are only admissible if they make
the three betas β2, β9 and β10 vanish as well, but this is
a straightforward test that discards all the inconsistent
roots and returns only the admissible ones. In this way
we have been able to find all the N = 3 fixed points of
the d = 6 − ǫ scalar model, without imposing any extra
constraint.
IV. RESULTS
The results of this analysis are collected in Table I
which includes the symmetries of the fixed points, the
N Anomalous dimensions/ǫ Symmetry A∗/ǫ2
1 − 1
18
Z
PT
2 0.02083
2
( 1
6
, 1
6
) S3 -0.125
(− 61
998
,− 25
499
) Z2 × ZPT2 0.04171
3
(− 1
6
,− 1
6
,− 1
6
) S4 × ZPT2 0.1875
(0.093267, 0.093267, 0.167418) O(2) -0.1327
(− 401
7994
,− 401
7994
,− 533
7994
) S3 × ZPT2 0.06263
( 157+3
√
561
1698
, 157−3
√
561
1698
, 289
1698
) K4 -0.1332
(0.168983, 0.1653200,−0.059256) Z2 × ZPT2 -0.1031
(−0.063434,−0.055612,−0.047844) Z2 × ZPT2 0.06258
TABLE I. Fixed points with N = 1, 2, 3 with their symme-
tries, anomalous dimensions and the values of A at LO.
field anomalous dimensions and the values of A∗ at LO,
rescaled by ǫ and ǫ2, respectively. For completeness we
have also included the information about the single and
two-flavour models as well (we recover the N = 2 classi-
fication reported in [19]). Clearly by putting fixed points
together one can construct fixed points with higher num-
ber of flavours. To avoid such trivial cases, here we have
restricted ourselves only to fully interacting (irreducible)
fixed points, for which there is no basis where there are
two decoupled sectors. For three scalars there are six
fully interacting fixed points with real anomalous dimen-
sions altogether. The fixed point with O(2) symmetry
belongs to a known family pointed out in [21]. Two fixed
points have permutation and PT symmetry: S4 × ZPT2
and S3×ZPT2 (We refer to the supplemental material for
more information on PT symmetry.) The last three fixed
points are such that the three anomalous dimensions are
all different. One has the symmetry of the Klein 4-group
K4 = Z2×Z2. This is particularly interesting because the
field anomalous dimensions are also all positive, which
suggests that the theory is perturbatively unitary, such
as the O(2) symmetric fixed point.
For three fields the fully interacting fixed point poten-
tials (rescaled by
√
ǫ) at LO in the particular basis de-
scribed in the previous section are the following (in the
same order as in Table I from top to bottom):
V1 =
i
2
φ1φ2φ3
V2 = aφ
3
3 + b φ3(φ
2
1 + φ
2
2)
V3 = i
(
13
√
26φ33 + 30
√
26
(
φ21+φ
2
2
)
φ3−
√
1009
(
φ21−3φ22
)
φ1
)
12
√
11991
V4 =
φ3
(
4
√
33φ23+3
(√
17−3
√
33
)
φ22−3
(√
17+3
√
33
)
φ21
)
12
√
566
V5 = φ2
(
a5φ
2
1 + b5φ
2
2 + c5φ
2
3
)
+ i φ3
(
d5φ
2
1 + e5φ
2
2 + f5φ
2
3
)
V6 = i
[
φ2
(
a6φ
2
1 + b6φ
2
2 + c6φ
2
3
)
+ φ3
(
d6φ
2
1 + e6φ
2
2 + f6φ
2
3
)]
4Symm. O(2) Z2 × Z2
0.09327ǫ + 0.17241ǫ2 0.1343ǫ + 1.4033ǫ2
γ 0.09327ǫ + 0.17241ǫ2 0.0506ǫ − 1.0727ǫ2
0.16742ǫ + 0.30275ǫ2 0.1702ǫ + 0.5280ǫ2
3.0762ǫ + 1.9630ǫ2 3.2831ǫ + 2.3102ǫ2
2.3566ǫ + 0.5370ǫ2 3.0485ǫ + 1.6481ǫ2
2.3566ǫ + 0.5370ǫ2 2.3052ǫ + 0.5648ǫ2
1.8990ǫ + 0.5943ǫ2 1.5753ǫ + 0.2835ǫ2
θ3 1.8990ǫ + 0.5943ǫ
2 1.3701ǫ + 0.1004ǫ2
−ǫ+ 5.9419ǫ2 −ǫ+ 7.4594ǫ2
0.0405ǫ + 3.3479ǫ2 −0.0664ǫ + 2.7930ǫ2
0.0405ǫ + 3.3479ǫ2 3.3485ǫ2
1.2131ǫ2 1.6826ǫ2
0.3768ǫ2 1.1651ǫ2
2 + 1.2606ǫ − 0.0833ǫ2 2 + 1.4115ǫ − 0.0419ǫ2
2− 0.4067ǫ + 1.0623ǫ2 2 + 0.2504ǫ + 0.1764ǫ2
θ2 2− 0.4067ǫ + 1.0623ǫ2 2− 0.4494ǫ + 0.6501ǫ2
2 + 0.3731ǫ + 0.2268ǫ2 2− 0.3657ǫ + 1.6288ǫ2
2 + 0.3731ǫ + 0.2268ǫ2 2 + 0.3098ǫ + 0.1738ǫ2
2− 0.3326ǫ + 1.1827ǫ2 2− 0.3298ǫ + 1.4700ǫ2
TABLE II. NLO results for the critical exponents.
where the coefficients a, b which can also be calculated
analytically are
a = −0.0786083, b = 0.187016 ,
while the remaining twelve coefficients which have been
calculated only numerically are as follows
a5 = 0.258788 b5 = −0.0909904 c5 = 0.0141828
d5 = −0.0705451 e5 = 0.0615644 f5 = −0.0694790
a6 = 0.078108 b6 = −0.0228088 c6 = −0.0096818
d6 = 0.121464 e6 = 0.112409 f6 = 0.046825 .
From Table I one can make the observation that (for
fixed number of flavours) among the real fixed points and,
separately, among the purely imaginary fixed points the
larger is the symmetry the bigger is the value of the A
function at the fixed point. We note that this statement
includes decomposable fixed points, i.e. those that are
not fully interacting such as three copies of the Lee-Yang
model, but excludes fixed points with Gaussian factors.
For each critical theory we have computed the critical ex-
ponents θi of the relevant and marginal couplings as the
negative of the eigenvalues of the RG stability matrix
at the fixed point. The scaling dimensions of the cor-
responding operators can be obtained using the relation
∆i = d− θi all operators except for the one correspond-
ing to the equations of motion (see [5, 6, 12] for more
details). They can be found in Table II and Table III of
the supplemental material. Moreover it may be useful to
report some structure constants for these critical models,
considered as CFTs, as well. They can be calculated at
LO in several ways. Here we follow [6] and give as an
example two structure constants for the fixed point K4
Cφ3φ3S3 =
289
3
√
56883
ǫ , Cφ3S2S2 = 3
√
66
283
ǫ, (12)
where S3 is the cubic scaling operator corresponding to
the LO scaling dimension −ǫ, i.e. the sixth row in the θ3
block of Table II and S2 is the quadratic scaling operator
corresponding to the fifth row of the θ2 block of Table II.
The same structure constants can be calculated for the
O(2) fixed point which turn out to be
Cφ3φ3S3 = −0.397965 ǫ , Cφ3S2S2 = −1.49613 ǫ . (13)
The explicit form of these operators can be found in
the supplemental material. Another simple example of
a structure constant is Cφiφjφj = −2 vijk which is pro-
portional to
√
ǫ. This means for instance that Cφ1φ2φ3
is non-zero only for the S4 × ZPT2 invariant fixed point.
Finally we also give the two-loop information for the CT
of these two fixed points:
C
O(2)
T
CT,scalar
= 3− 0.4128 ǫ , C
Z2
2
T
CT,scalar
= 3− 469
1132
ǫ .
V. DISCUSSION AND OUTLOOK
The perturbative RG ǫ-expansion is still a fundamental
tool to investigate interacting scale invariant QFTs. The
quest of finding, without any prior assumption, all pos-
sible inequivalent fixed points, critical theories, their al-
lowed symmetries and corresponding universality classes,
can be tackled, at present, only with such technique. The
task becomes rapidly a complicated algebraic problem
which, when solved, elucidates the global structure of
the theory space of N -components fields, at least near
the upper critical dimension, and is thus a fundamental
step towards the full classification of universality classes
in d > 2. In this work we have focused on systems with
three scalar order parameters in d = 6 − ǫ and adopted
a convenient group theoretical basis for the coupling’s
space which allowed us, by removing the parametriza-
tion redundancy, to deal with a simpler tractable alge-
braic problem. The main outcome of our investigation
is the discovery of six fully interacting fixed points with
real critical exponents. Apart for a fixed point with O(2)
symmetry, which was already known in the literature, we
have found another perturbatively unitary fixed point
with K4 = Z2 × Z2 symmetry, characterized by three
5different field anomalous dimensions. In particular, this
finding may stimulate an independent study using nu-
merical conformal bootstrap. The other four critical the-
ories also have discrete symmetries and in addition are
PT symmetric. The main properties of all FPs are sum-
marized in Tables I and II of the main text and in Ta-
ble III of the supplemental material. They include the
analysis of all the quadratic and cubic scaling operators,
the latter related to the stability under the RG flow of
these fixed points.
It is worth emphasizing that these solutions are the
only ones we could find, using a combination of analyt-
ical and numerical methods, that solve the fixed point
equations. We are rather confident that no further solu-
tion will ever emerge, therefore our work has heuristically
completed the classification of N = 3 critical field theo-
ries in d = 6− ǫ. We stress that some of these solutions
constitute novel universality classes which can describe
physical systems with three scalar order parameters on
the basis of traditional arguments of critical phenomena.
We could expect them to be the only ones that could sur-
vive the continuation to finite values of ǫ and thus exist in
dimension five, four or three (if higher derivative interac-
tions are excluded [25]) but the statement might change
because of non-perturbative effects. The knowledge of
the fixed points in the ǫ-expansion and their symmetries
provides a starting point for further theoretical investi-
gations in lower dimensions with alternative approaches
such as conformal bootstrap [3], non-perturbative RG
[26–28] or lattice Monte Carlo methods [13], but also pro-
vides suggestions for possible experimental realizations.
Not all critical theories present at small ǫ necessarily ex-
tend to integer dimensions less than the critical one, but
if some exist they will maintain the symmetries found
by our general analysis. Furthermore, a future complete
non-perturbative analysis is necessary to determine how
the found fixed points are connected by RG flow trajecto-
ries and therefore understand which ones are ultraviolet
or infrared with respect to each other. Finally, we have
found several perturbatively non unitary critical theo-
ries with complex scaling dimensions (which we do not
report) that can in principle constitute realizations of
complex CFTs [29].
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6SUPPLEMENTAL MATERIAL
Beta functions and additional results
The explicit form of the beta functions of the couplings in the irreducible basis which we introduced in the main
text is at the leading one-loop order, after imposing g2 = g9 = g10 = 0 as described in the main text,
β1 = − ǫ
2
g1 +
1
400
(
g31 + 2g1
(
6g23 + 3g
2
4 + 3g
2
5 − 2g26 − 2g27
)
+ 12
√
2g3 (g4g7 − g5g6 − g3g4)
)
+
1
25
(
3g21 + 17g
2
3 − 2g24 − 2g25 − g26 − g27
)
g8 − 43
50
g1g
2
8 +
4
5
g38
β2 = − 1
400
(
(12g23 + g
2
4 − g25)g6 + 2g4g5g7 −
√
2g1 (g4g6 + g5 (2g3 + g7))
)
+
1
75
√
2
g8 (g4g6 + g5 (g7 − 18g3))
β3 = − ǫ
2
g3 +
1
400
(
22g33 − 12g7g23 + g21g3 + (g24 + g25 − 2(g26 + g27))g3 − 2g4g5g6 + (g24 − g25)g7
+
√
2g1(g4(g7 − 2g3)− g5g6)
)
+
1
150
g8
(
17g1g3 +
√
2(18g4g3 + g4g7 − g5g6)
)− 59
75
g3g
2
8
β4 = − ǫ
2
g4 +
1
400
(
−2g34 +
(
5g21 + 2(5g
2
3 + 10g7g3 − g25 + g26 + g27)
)
g4 − 10g3
(
2g5g6 +
√
2g1(g3 − g7)
))
+
1
15
g8
(√
2g3 (9g3 + g7)− 2g1g4
)
− 17
30
g4g
2
8
β5 = − ǫ
2
g5 +
1
400
(
−2g35 + g5
(
5g21 + 2(5g
2
3 − 10g7g3 − g24 + g26 + g27)
)− 10g3(√2g1 + 2g4)g6
)
− 1
15
(
2g1g5 +
√
2g3g6
)
g8 − 17
30
g5g
2
8
β6 = − ǫ
2
g6 +
1
400
(
2g36 +
(− 5g21 − 30g23 + 2g27 + 3(g24 + g25))g6 − 15g3(√2g1 + 2g4)g5
)
− 1
10
(√
2g3g5 + g1g6
)
g8 − 1
5
g6g
2
8
β7 = − ǫ
2
g7 +
1
400
(
2g37 +
(− 5g21 − 30g23 + 2g26 + 3(g24 + g25))g7 − 15g3(4g23 + g25 − g4(√2g1 + g4))
)
+
1
10
(√
2g3g4 − g1g7
)
g8 − 1
5
g7g
2
8
β8 = − ǫ
2
g8 +
1
600
(
g31 + (17g
2
3 − 2g24 − 2g25 − g26 − g27)g1 + 2
√
2g3 (g4 (9g3 + g7)− g5g6)
)
− 1
1200
g8
(
43g21 + 472g
2
3 + 34g
2
4 + 34g
2
5 + 8(g
2
6 + g
2
7)
)
+
1
10
g1g
2
8 −
21g38
50
β9 =
1
1200
(
2(8g23 − g24 + g25)g6 − 4g4g5g7 −
√
2g1 (3g4g6 + g5 (g3 + 3g7))
)
− 11
600
√
2
g8 (g4g6 + g5 (g7 − 3g3))
β10 =
1
1200
(
24g33 + 16g7g
2
3 + 2g
2
1g3 +
(
6g24 + 6g
2
5 − 8(g26 + g27)
)
g3 − 4g4g5g6 +
√
2g1 (3g5g6 + g4 (g3 − 3g7))
+2(g24 − g25)g7
)− 11
1200
g8
(
2g1g3 +
√
2 (g4 (3g3 + g7)− g5g6)
)
+
1
5
g3g
2
8 .
The above beta functions can be derived combining the beta functional of the potential and the anomalous dimension
matrix. For the derivation of the results in Table II we have actually used the NLO expansion to investigate possible
degeneracies of fixed points. The NLO beta functional, anomalous dimension matrix and flow of the general λijk
couplings are
βv = −dv + d− 2
2
φivi + φiγijvj − 2
3
vijvjkvki − 2 vimvmjvklviknvjln + 7
9
vijvjkvklvabivabl − 4
3
vilvjmvknvijkvlmn
γij =
1
3
λiabλjab +
8
9
λiklλjpqλkpmλlqm − 11
27
λimkλjmlλpqkλpql
βijk = −1
2
ǫ λijk + λabcλab(iλjk)c − 4λiabλjbcλkca +
8
3
λrpmλsqmλrsaλpq(iλjk)a −
11
9
λpqrλpqsλmraλms(iλjk)a
−12λma(iλj|an|λk)pqλmplλnql +
14
3
λmp(iλ|pq|jλk)qnλabmλabn − 8λialλjbmλkcnλabcλlmn
7Symm. S4 × ZPT2 S3 × ZPT2 Z2 × ZPT2 Z2 × ZPT2
γ
− ǫ
6
− 10ǫ2
27
− 401ǫ
7994
− 1511230848ǫ2
63856107973
0.1690ǫ + 0.6721ǫ2 −0.0634ǫ − 0.0386ǫ2
− ǫ
6
− 10ǫ2
27
− 401ǫ
7994
− 1511230848ǫ2
63856107973
0.1653ǫ + 0.6480ǫ2 −0.0556ǫ − 0.0297ǫ2
− ǫ
6
− 10ǫ2
27
− 533ǫ
7994
− 5387208471ǫ2
127712215946
−0.0593ǫ − 0.0536ǫ2 −0.0478ǫ − 0.0209ǫ2
θ3
− (1+
√
265)ǫ
6
+ 839ǫ
2
36
√
265
+ 107ǫ
2
18
−1.0045ǫ + 1.9395ǫ2 3.6395ǫ + 2.8931ǫ2 −1.0015ǫ + 1.9338ǫ2
− (1+
√
265)ǫ
6
+ 839ǫ
2
36
√
265
+ 107ǫ
2
18
−1.0045ǫ + 1.9395ǫ2 3.6225ǫ + 2.8686ǫ2 −1.0045ǫ + 1.9382ǫ2
− (1+
√
265)ǫ
6
+ 839ǫ
2
36
√
265
+ 107ǫ
2
18
0.4918ǫ + 0.0054ǫ2 2.3541ǫ + 0.3075ǫ2 −ǫ+ 1.9343ǫ2
− (1−
√
265)ǫ
6
− 839ǫ2
36
√
265
+ 107ǫ
2
18
−0.1224ǫ + 0.5805ǫ2 −1.0244ǫ + 0.1093ǫ2 0.5473ǫ − 0.0138ǫ2
− (1−
√
265)ǫ
6
− 839ǫ2
36
√
265
+ 107ǫ
2
18
0.1040ǫ + 0.5463ǫ2 −ǫ+ 13.2441ǫ2 −0.1108ǫ + 0.5584ǫ2
− (1−
√
265)ǫ
6
− 839ǫ2
36
√
265
+ 107ǫ
2
18
0.1040ǫ + 0.5463ǫ2 −0.5540ǫ + 0.4550ǫ2 0.1107ǫ + 0.3595ǫ2
−ǫ+ 205ǫ2
36
−ǫ+ 1.9369ǫ2 0.0482ǫ − 2.6085ǫ2 −0.1094ǫ + 0.5563ǫ2
41ǫ2
36
0.3815ǫ2 5.7601ǫ2 0.3805ǫ2
41ǫ2
36
0.3815ǫ2 2.4290ǫ2 0.3865ǫ2
41ǫ2
36
1.2131ǫ2 2.3103ǫ2 0.3793ǫ2
θ2
2− 5ǫ
3
+ 49ǫ
2
27
2− 0.5667ǫ + 0.4098ǫ2 2 + 1.6474ǫ + 0.0251ǫ2 2− 0.5634ǫ + 0.4067ǫ2
2 + 4ǫ
3
+ 71ǫ
2
54
2− 0.5502ǫ + 0.3951ǫ2 2− 0.5593ǫ + 0.4383ǫ2 2− 0.5556ǫ + 0.3996ǫ2
2 + 4ǫ
3
+ 71ǫ
2
54
2− 0.5502ǫ + 0.3951ǫ2 2− 0.3511ǫ + 0.2610ǫ2 2− 0.5478ǫ + 0.3928ǫ2
2− 2ǫ
3
+ 31ǫ
2
27
2 + 0.0518ǫ − 0.0161ǫ2 2− 0.3347ǫ + 2.1721ǫ2 2 + 0.1117ǫ − 0.0271ǫ2
2− 2ǫ
3
+ 31ǫ
2
27
2 + 0.0518ǫ − 0.0161ǫ2 2− 0.3310ǫ + 2.1341ǫ2 2 + 0.0506ǫ − 0.0159ǫ2
2− 2ǫ
3
+ 31ǫ
2
27
2 + 0.0488ǫ − 0.0160ǫ2 2 + 0.1006ǫ + 0.0618ǫ2 2 + 0.0497ǫ − 0.0155ǫ2
TABLE III. Anomalous dimensions γ and coupling dimensions of cubic θ3 and quadratic θ2 operators for the four fully interacting
fixed points with N = 3 which are not reported in Table II.
Finally, the explicit form of the two scaling operators S3 and S2 used in the structure constants (OPE coefficients)
(12) for the K4 fixed point and (13) for the O(2) fixed point are given respectively by
K4 : S3 = φ3
6
√
1474
(
−
(√
561 + 99
)
φ21 +
(√
561− 99
)
φ22 + 44φ
2
3
)
, S2 = φ1φ2
O(2) : S3 = 0.186858φ3
(
φ23 − 0.444552
(
φ21 + φ
2
2
))
, S2 = φ1φ2 .
O(N) transformations, fixed point moduli and PT symmetry
Let us generalize this discussion to the case of arbitrary number of scalar flavors N and temporarily neglect PT
transformations. Given a fixed point solution v(φ) of βv = 0, its symmetry content is defined as the subgroup G of
O(N) which leaves it invariant. In other words, for U ∈ G the action
U : v(φ)→ v′(φ) = v(U · φ)
is such that v(φ) = v′(φ). The symmetry group G is a subgroup of O(N) because O(N) is the maximal symmetry
that the model can have. Using G we can evince the structure of the manifold of equivalent fixed points for each
symmetry content: if v(φ) is a solution then also a rotation of v(φ) is, but the two are physically distinct only if we
are acting with a rotation which is not already in the symmetry subgroup G. It is easy to see that the moduli of
equivalent fixed points for each universality class is isomorphic to
FP moduli ≃ O(N)/G .
For example, in the case N = 1 we have only one solution (the Lee-Yang model) which is left invariant only by
the identity, therefore its moduli of fixed points is O(1)/{1} ≃ Z2 implying that there are always two distinct, but
physically equivalent, solutions igφ3 and −igφ3.
8Notice that complex solutions are still protected by symmetry: in the above example of the Lee-Yang model we
could move from one solution to the other by either parity or complex conjugation so the two combined leave the
solution invariant. For this reason we define the PT transformation which goes beyond O(N) by acting
PT : v(φ)→ v∗(P · φ)
in which v∗ is the complex conjugate of v and P ∈ O(N) acts on φi by flipping the sign of one specific field component.
This new symmetry protects potentials with complex factors and ensures that their spectra are bounded from below
inasmuch those of the purely real models. We indicated the presence of PT symmetry in the solutions by including
Z
PT
2 in their symmetry factors, however it is important to drop these factors when applying the above coset formula
for the moduli. Going back once more to the N = 1 example of the Lee-Yang model, it is trivial to see that there can
be only one parity and PT maps v(φ)→ v∗(−φ) = v(φ) and therefore is an extension of the original symmetry.
